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T h e  va r i ous  o b s e r v e d  i n t e n s i t y  v a l u e s  for  X - r a y  reflec- 
t i ons  on  a s ingle  r ec ip roca l - l a t t i ce  layer ,  o b t a i n e d  b y  t h e  
m u l t i p l e - f i l m  W e i s s e n b e r g  or  p r e c e s s i o n - c a m e r a  t ech-  
n ique ,  can  u s u a l l y  be  r e d u c e d  to  a c o m m o n  a r b i t r a r y  
scale  s t r a i g h t f o r w a r d l y  a n d  w i t h  l i t t le  error .  

T h e  n e x t  s t age  is t h e  r e d u c t i o n  of a se t  of i n t e r s e c t i n g  
layers  to  a s ingle  a r b i t r a r y  scale.  K r a u t  (1958) a n d  
D i c k e r s o n  (1959) h a v e  b o t h  s u g g e s t e d  a m e t h o d  of ap-  
p r o x i m a t i n g  t h e  s o l u t i o n  to  t h e  n o r m a l  e q u a t i o n s  of t h e  
l eas t - squa res  ana lys i s  of th i s  p r o b l e m  w h i c h  can  g ive  
g ross ly  i nco r r ec t  resu l t s .  W e  ou t l i ne  be low a d e r i v a t i o n  
of t h e  n o r m a l  e q u a t i o n s  for  a s imp le  case,  desc r ibe  t h e  
m e t h o d  of u s i n g  t h e m  w h i c h  we f ind  u n s a t i s f a c t o r y ,  
e x p l a i n  h o w  m o r e  a c c u r a t e  answer s  m a y  be  o b t a i n e d ,  
a n d ,  b y  t a b u l a t i n g  t h e  resu l t s  for  a p r ac t i c a l  e x a m p l e ,  
i l l u s t r a t e  t h e  size of t h e  e r rors  w h i c h  can  occur .  F i n a l l y  
we sugges t  a m e a n s  of w e i g h t i n g  t h e  o b s e r v a t i o n s  in m o r e  
gene ra l  cases.  

W e  cons ide r  f i r s t  t h e  case in  w h i c h  d a t a  a re  co l lec ted  
by  r o t a t i o n  (or precess ion)  a b o u t  t w o  axes  on ly ,  so t h a t  
a n y  one  re f l ec t ion  a p p e a r s  on  a t  m o s t  t w o  layers .  I n  
gene ra l  each  l aye r  a b o u t  t h e  one  axis  will  i n t e r s e c t  all 
l ayers  a b o u t  t h e  o t h e r  a n d  vice  versa .  

W h e r e  t w o  layers  on  i n d e p e n d e n t  a r b i t r a r y  scales 
in te r sec t ,  a n  e s t i m a t e  c an  be  m a d e  of t he i r  r e l a t i ve  scales.  
L e t  

K i  be  t h e  scale  f a c t o r  b y  w h i c h  F 2 va lue s  f r o m  l aye r  i 
m u s t  be  m u l t i p l i e d  to  p l ace  t h e m  on  t h e  c o m m o n  
scale. 

(F~,i) be  t h e  v a l u e  of F~, d e r i v e d  f r o m  l aye r  i (h is 
w r i t t e n  t h r o u g h o u t  for  hkl). 

T h e n  for  an  h ly ing  on  b o t h  of layers  a a n d  b we h a v e :  

(-F2ha) Ka -- (F~b) Kb ---- 0 .  (1) 

H e n c e  we can  de r ive  a se t  of o b s e r v a t i o n a l  e q u a t i o n s  
w h i c h  will  u s u a l l y  be  m o r e  n u m e r o u s  t h a n  t h e  K~ (this  
will u sua l l y  sti l l  be  t r u e  if all t h e  o b s e r v a t i o n a l  e q u a t i o n s  
d e r i v e d  f r o m  a s ingle  r ec ip roca l - l a t t i ce  l ine of in ter -  
s ec t i on  are  c o m b i n e d  in to  one  e q u a t i o n  b y  f o r m i n g  
~'(F~a ) a n d  Z(-F~b), s u m m i n g  ove r  t h o s e  h a p p e a r i n g  on  
b o t h  layers) .  T h e  o b s e r v a t i o n a l  e q u a t i o n s  s h o u l d  be  
p r e p a r e d  ( W h i t t a k e r  & l~ob inson  (1944), p .  244) b y  
m u l t i p l y i n g  t h e m  b y  t h e  s q u a r e  roo t s  of t he i r  w e i g h t s  
Wh so t h a t  t h e  u n c e r t a i n t i e s  in  t h e  d i f f e rences  m a y  all 
be  e x p e c t e d  to  be  of t h e  s a m e  size. I t  is t h e n  poss ib le  to  
use  t h e  o b s e r v a t i o n a l  e q u a t i o n s  to  ca l cu l a t e  t h e  n o r m M  
e q u a t i o n s ,  w h i c h  are :  

2 Wh(F~a)~'Ka - . . .  - . ~ ,  Wh(F~a) (F~b)Kb - - . . .  = 0 
h : h : 

- -  . ~  W h (F~a) (-F2hb)Ka - - . . .  +.,~ Wh (.F~b)2 Kb - - . . .  = O . 
h : h : 

F o r  t h e  i t h  s q u a r e  t e r m  t h e  s u m m a t i o n  ~ inc ludes  

one  t e r m  for  each  re f l ec t ion  o c c u r r i n g  b o t h  on  l aye r  i 
a n d  on  s o m e  o t h e r  layer .  F o r  t h e  ij  cross  t e r m  t h e  s u m -  

m a t i o n  inc ludes  one  t e r m  for  each  re f l ec t ion  a p p e a r i n g  
on  b o t h  l aye r  i a n d  l aye r  j .  

T h e r e  is in  gene ra l  n o  e x a c t  s o l u t i o n  of t h e  obse rva-  
t i ona l  e q u a t i o n s ,  e x c e p t  t h e  t r iv ia l  one  w i t h  all K~ equa l  
to  zero.  As  a r e su l t  i t  is imposs ib l e  to  sa t i s fy  all of t he se  
h o m o g e n e o u s  n o r m a l  e q u a t i o n s  e x a c t l y  e x c e p t  w i t h  
K i  = 0. S ince  one  is ab le  to  o b t a i n  on ly  t h e  r a t ios  of t h e  
K i  r a t h e r  t h a n  t he i r  a b s o l u t e  va lues ,  t h e r e  is a t e m p t a -  
t i o n  to  t r y  to  o b t a i n  an  a p p r o x i m a t e  s o l u t i o n  b y  s e t t i n g  
one  of t h e  K~ equa l  to  u n i t y  a n d  b y  d e l e t i n g  one  n o r m a l  
e q u a t i o n ,  so lv ing  t h e  r e m a i n d e r  for  t h e  o t h e r  Ki .  T h e  
u n s a t i s f a c t o r y  n a t u r e  of th i s  s o l u t i o n  m a y  be  d e m o n -  
s t r a t e d  b y  r e p e a t i n g  i t  w i t h  a d i f f e r en t  d e l e t e d  e q u a t i o n .  
T h e  la rger  t h e  e r rors  in t h e  o b s e r v a t i o n a l  e q u a t i o n s  t h e  
m o r e  t h e  answer s  will  be  f o u n d  to  differ .  

I t  is poss ib le  to  f ind  a n o n - t r i v i a l  se t  of K~ s u b j e c t  to  
t h e  r e a s o n a b l e  n o r m a l i s i n g  c o n d i t i o n  ~ K ~ =  1 w h i c h  

i 
will  m i n i m i s e  t h e  w e i g h t e d  s u m  of squa re s  of d i sc repanc ie s  
for  t h e  o b s e r v a t i o n a l  e q u a t i o n s .  Th i s  is e q u i v a l e n t  to  
so lv ing  t h e  n o r m a l  e q u a t i o n s  w i t h  t h e  zero r i g h t - h a n d  
s ides  r e p l a c e d  b y  t h e  va lue s  of 2K~ w h e r e  A is a c o n s t a n t .  
I f  t h e r e  are  n scale  f ac to r s  t h e n  t h e r e  a re  n v a l u e s  of A 
for  w h i c h  t h e  e q u a t i o n s  can  be  so lved  a n d  i t  is t h e  s m a l l e s t  
of t h e s e  w h i c h  g ives  t h e  m i n i m u m  w e i g h t e d  s u m  of 
squa re s  of d i sc repanc ies .  Th i s  v a l u e  of A a n d  t h e  corre-  
s p o n d i n g  se t  of K i  are  t h e  s m a l l e s t  l a t e n t  r o o t  a n d  t h e  
c o r r e s p o n d i n g  l a t e n t  v e c t o r  r e s p e c t i v e l y  of t h e  m a t r i x  
of t h e  n o r m a l  e q u a t i o n s  a n d  t h e y  can  be  d e t e r m i n e d  b y  
a n y  of t h e  s t a n d a r d  m e t h o d s  w h i c h  are  n o w  ava i l ab le .  
I n  th i s  l a b o r a t o r y  we  h a v e  f o u n d  Givens '  p rocess  fas t ,  
c o n v e n i e n t  a n d  a c c u r a t e  for  th i s  p u r p o s e  on  t h e  F e r r a n t i  
M e r c u r y  c o m p u t e r ;  b u t ,  s ince  t h e  s m a l l e s t  r o o t  of a 
sca l ing  m a t r i x  of th i s  t y p e  is u s u a l l y  v e r y  d i f f e r en t  f r o m  
a n y  o t h e r  roo t ,  i nve r se  i t e r a t i o n  w o u l d  p r o b a b l y  be  q u i t e  
r a p i d  a n d  eas ier  to  p r o g r a m  if a s t a n d a r d  s u b r o u t i n e  for  
so lv ing  l inear  s i m u l t a n e o u s  e q u a t i o n s  is ava i l ab le .  T h i s  
i t e r a t i o n  i nvo lves  so lv ing  t h e  n o r m a l  e q u a t i o n s  w i t h  t h e  
zero r i g h t - h a n d  s ides  r e p l a c e d  e i t he r  b y  equa l  n u m b e r s  
or b y  e s t i m a t e s  of t h e  Ki .  T h e  so lu t i on  is t h e n  n o r m a l i s e d  

T a b l e  1. Scale factors for  a system of f i f teen mutual ly  
intersecting layers by two different methods 

Axis and Scale Scale Rat io  
layer factors (i) factors (ii) (i) : (ii) 

a0 1.0000 1.0000 1.000 
a l  1.5336 1.2196 1.258 
a2 1.9258 1.5564 1-237 
a3 1.0260 0.8202 1.251 
a4 1.2478 0.9972 1.251 
a5 1-3141 1.0466 1.256 
a6 1.1827 0.9322 1.269 
a7 0.5546 0.4409 1.258 
e0 0.3363 0.2704 1.244 
cl 0.8277 0-6918 1-240 
c2 0-7384 0.5913 1.249 
c3 1.0311 0.8122 1.270 
b0 0.9353 0.7341 1-274 
bl 1.3500 1.0675 1.265 
b2 1.5120 1.2171 1.242 
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a n d  u s e d  in t h e  n e x t  i t e r a t i o n  in p lace  of t h e  o r ig ina l  
r i g h t - h a n d  sides.  W h e n  success ive  n o r m a l i s e d  so lu t i ons  
ag ree  to  a su f f i c i en t  n u m b e r  of f igures  t h e  answer s  c an  
be  a c c e p t e d .  

T h e  15 scale  f ac to r s  l i s ted  be low  were  o b t a i n e d  (i) b y  
f i n d i n g  t h e  l a t e n t  r o o t  a n d  v e c t o r  a n d  (ii) b y  s e t t i n g  
Kao = 1"0 a n d  so lv ing  for  t h e  o t h e r  14 va lues .  I t  c an  be  
seen  t h a t  t h e  p r i m a r y  ef fec t  of m e t h o d  (ii) is to  exag-  
g e r a t e  Kao in r e l a t i o n  to  t h e  o thers ,  b u t  t h a t  v a r i a t i o n s  
of seve ra l  p e r c e n t  also occur  b e t w e e n  t h e  r e m a i n i n g  ra t ios .  

W h e n  i t  is de s i r ed  to  e x t e n d  t h e  m e t h o d  to  t h e  case 
in  w h i c h  m o r e  t h a n  t w o  layers  on  i n d e p e n d e n t  a r b i t r a r y  
scales  i n t e r s e c t  a t  t h e  s a m e  h t h e  o b s e r v a t i o n a l  e q u a t i o n s  
c a n  be  d e r i v e d  in  t h e  fo l lowing  w a y .  L e t  F~ be  t h e  
w e i g h t e d  a v e r a g e  of t h e  sca led  F~ o c c u r r i n g  on  all t h e  
layers .  T h e n  t h e  o b s e r v a t i o n a l  e q u a t i o n  for  F~i will  be :  

w h e r e  

h e n c e  

(F~)K~ - ~ = 0 ,  

F i  = .~, ( WhiKjF~])/.~, Whi , 
J i 

( F ~ i ) K i - ~ "  WhT(F~i)K]/.~, Wh; = 0 .  (2) 
j ;" 

T h e  w e i g h t  to  be  g i v e n  to  e q u a t i o n s  (2) is Wh,.* W h e r e  

* I t  has been poin ted  out  by  the  referee t ha t  the  use of 
equat ions (2) is equivalent  to the minimisa t ion  of 

m l aye r s  i n t e r s e c t  a t  h, all m of t h e  e q u a t i o n  (2) m u s t  be  
i n c l u d e d  to  w e i g h t  t h e  o b s e r v a t i o n s  co r rec t ly ,  a l t h o u g h  
one  e q u a t i o n  is d e p e n d e n t  on  t h e  o t h e r  m -- 1. W h e n  o n l y  
t w o  layers  i n t e r s e c t  a t  h a p a i r  of e q u a t i o n s  (2) c an  be  
r e d u c e d  to  t h e  f o r m  of e q u a t i o n  (1) w i t h  w e i g h t  Wa = 
Wh,~Whb/(Wh~ + Whb). 

T h e  l a t e n t  v e c t o r  s o l u t i o n  g iven  a b o v e  is t h e  m u l t i -  
d i m e n s i o n a l  a n a l o g u e  of t h e  m e t h o d s  d e s c r i b e d  b y  
S c h o m a k e r ,  Wase r ,  Mar sh  & B e r g m a n  (1959) for  t h e  
s imi la r  p r o b l e m  of f i t t i n g  l ea s t - squa re s  l ines a n d  p l a n e s  
to  g iven  sets  of po in t s .  
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hi 
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K i n g  & L i p s c o m b  (1950) h a v e  d e r i v e d  a n  exp re s s ion  for  
t h e  s t r u c t u r e  a m p l i t u d e  f r o m  a c rys t a l  c o n t a i n i n g  r o t a t i n g  
g r o u p s  for  t h e  p a r t i c u l a r  case of t h e  h i n d e r e d  r o t a t o r .  
U n d e r  t h e  a s s u m p t i o n s  m a d e  b y  t he se  a u t h o r s  t h e y  h a v e  
d e r i v e d  a m o d i f y i n g  f u n c t i o n  such  t h a t  t h e  s c a t t e r i n g  
a m p l i t u d e  is w r i t t e n  

F ---- ..,~f~ exp  [ 2 ~ i h .  ks] M~!(a~, b~) 
i 

w h e r e  
o O  

Mnr (a, b) = ~ epipnjpn (a) Ip (b) cos pn 7/ I  o (b) , 
p=O 

w h e r e  

n = t h e  n u m b e r  of p o t e n t i a l  m i n i m a ,  
7, = t h e  r o t a t i o n  ang le  c o r r e s p o n d i n g  to  a p o t e n t i a l  

m i n i m u m ,  
a = 2~]h][v  I s in v/, 
b = Vo/2kT, 
V 0 = t h e  h e i g h t  a b o v e  t h e  m i n i m u m  of t h e  ba r r i e r  to  

r o t a t i o n ,  
v = t h e  v e c t o r  f r o m  t h e  c e n t e r  of r o t a t i o n  to  t h e  in- 

s t a n t a n e o u s  p o s i t i o n  of t h e  a t o m ,  
h = t h e  r ec ip roca l  l a t t i ce  v e c t o r  

= t h e  ang le  b e t w e e n  h a n d  t h e  n o r m a l  to  t h e  p l a n e  
of r o t a t i o n  of t h e  a t o m .  

W e  h a v e  e v a l u a t e d  t h e  M f u n c t i o n  for t h e  fo l lowing  
v a l u e s :  

(1) a = 0 to  4 in i n t e rva l s  of 0.1, 
(2) b = 0.5 to  6 in i n t e rva l s  of 0-5 a n d  ~ ,  
(3) n = 2, 3, 4, 6, 
(4) F = 0, ~/16,  ~/8,  3~/16,  ~ / 4 w h e n n  = 2, 4, 

= 0, ~/12,  ~ /6  w h e n  n = 3, 6. 

F o r  t h e  case n = 3  t h e  M f u n c t i o n  will  h a v e  real  a n d  
imaginary parts and writing 

M~(a, b) =x  +iy  . 

T h e  t a b u l a r  va lue s  are  l i s ted  as (x 2 +y2)½ w i t h  t h e  s ign  
o f  X .  

T h e  e v a l u a t i o n  of t h e  M f u n c t i o n  was  a c c o m p l i s h e d  
on  t h e  I B M  t y p e  650 d ig i ta l  c o m p u t e r .  T h e  c o m p u t a t i o n  
t i m e  r e q u i r e d  for  one  va lue  of t h e  M f u n c t i o n  was  b e t w e e n  
0.5 sec. a n d  10 sec. d e p e n d i n g  on  t h e  n u m b e r  of t e r m s  
r e q u i r e d  for  c o n v e r g e n c e .  

A few m i n o r  c h a n g e s  in t h e  p r e s e n t  c o m p u t e r  p r o g r a m  
would allow it to be used as a subroutine in another 
program which requires the ill function. This subroutine 
is available for the IBM 650 only. 
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